In the last decade space agencies and industries have focused their attention on proposing and developing a new class of large space structures (LSS). LSS have potentially broad applications in space including low-stiffness precision shaped antennas for mobile communications satellites, narrow-band broadcast services and remote sensing, low-stiffness planar structures for large solar arrays. A lightweight design responding to the low gravity environment and live loads due to gravity gradients, extreme thermal variations, and solar wind create new and challenging problems in dynamic analysis of LSS. Since LSS will be designed for minimum weight and be quite flexible a significant problem will also arise on developing the capability to suppress and control flexible modes of vibration, some of which are closely packed with their frequencies that in turn could be very close to the ones of the attitude controller. On account of this it is necessary to have a very accurate model of the LSS. In the present work a hybrid FEM-continuous formulation, based on the classical modal reduction of a LSS under gravity and gravity gradient forces, will be presented. Analyses will be also performed to evaluate the effects of modal truncation on the robustness of attitude control laws.
Since the paper contains many symbols, all defined in the text, many of them are here omitted for the sake of brevity.
Introduction
Structural Dynamics for space applications is dictated by space environment such as space-varying gravity forces, orbital and attitude perturbations, control forces if any. Several methods and formulations devoted to the modeling of flexible bodies undergoing large overall motions have been developed in recent years.
Most of these different formulations were aimed to face one of the main problems concerning the analysis of spacecraft dynamics namely the reduction of computer simulation time.
By virtue of this, the use of symbolic manipulation, recursive formulation and parallel processing algorithms were proposed. All these approaches fall into two categories, the former one based on Newton/Euler methods and the latter one based on Lagrangian methods; both of them have their advantages and disadvantages although in general Newtonian approaches lead to a better understanding of the physics of problems and in particular of the magnitude of the reactions and of the corresponding structural stresses [1] [2] .
Another important issue which must be addressed carefully in the description of the space dynamics of Large Flexible Space Structures is relevant to a correct choice of kinematics variables. In fact, when dealing with flexible structures system the resulting equations include two different types of state variables, the ones associated with large (rigid) displacements and the ones associated with elastic deformations.
These two sets of variables have generally two different time scales if we think of the attitude motion of a satellite whose period of oscillation, due to the gravity gradient effects, is of the same order of magnitude as the orbital period, which is much bigger than the one associated to the structural vibration of the satellite itself. Therefore the numerical integration of the equations of the system represents a challenging problem.
Flexible Spacecrafts Formulation
The section deals with the general equations of a flexible spacecraft in a gravitational field. The motion of a generic point of the body is described as the superposition of a rigid motion plus a combination of structural modes.
The equations of a flexible body in a space environment (although well known [1] [2] [3] ) are first here recalled by using a classical Lagrangian formulation.
The main steps for the description of the motion of a flexible body are: a) the definition of kinematic parameters; b) the definition of the functionals: kinetic, elastic and gravitational; c) the definition of the Lagrangian; d) the writing of the equilibrium equations;
a) Kinematics
The kinematics is described as:
where X denotes the position in an inertial frame (earth-centred) of a point P whose position in the body fixed-frame is ξ ; the body-fixed frame is centred in the body c.m. and its axes are the principal axes of inertia; in the present analysis, no distinction is made between their deformed and undeformed position. The ) (ξ n U 's are the set of the N first eigenmodes of the structure, where N must be prescribed according to the required accuracy, whereas
are their relevant amplitudes. Note that a choice of ) (ξ n U different by eigenmodes could be made. If for instance we consider the normal modes of the free-free structure they have the very useful properties:
The above conditions mean that the modal participation to translation and rotation are identically null, so that to simplify the equation of motion of the spacecraft as we will see later, where μ unit mass, dB element of the body B . As it is known, the eigenmodes constitute an orthonormal system. They can for instance be normalised in such a way that:
where mn δ Kronecker's delta. The position of the body in the inertial frame is further defined by the position 0 X of its centre of mass, and by the rotation matrix T , describing the passage from body-axes to inertial axes. This passage is accomplished into two steps.
In the first step we pass from body-axes to intrinsic axes (see Fig. 1 ) by means of a rotation matrix 1 T ; it is described through rotational motion parameters, several choices are possible and are commonly made (Euler's angles Φ or quaternions Q ) for. The set of such parameters is indicated by a vector by ) (t ψ ψ = of length 3 for Euler's angles and of length 4 for quaternions. A basic property for the matrix
where R is an antisymmetric matrix, which can be condensed into a vector P , such that: It can be expressed as:
The derivation of Eq. (4) and definition of the matrices K H, are shown in Appendix A.
For sake of compactness it is sometimes preferable to further condense Eq. (4), writing:
= Γ = (T= Transpose of a matrix or of a vector).
Let us note that parameters Ψ are relevant to the "small" motion about the centre of mass, whereas Ω is relevant to the "large" motion in space. They may seem of quite different order of magnitude and importance; but it is not always this way, if one looks at Fig. 3 ; if one wants to retain a "vertical" position constantly in its orbit, the change in longitude must be counteracted exactly by the rotation of inertial axes. Also let us note, that the three terms in Eq. (1) are of different orders of magnitude. The first one, 0 X , is of the order of eq R , the equatorial radius; the second one, ξ is of the order of a characteristic length of the body, L the third one, elastic deformation, is of the order ε L where ε is a small parameter.
The vector defined by:
[ ]
where A denotes the set of the n A 's, represents the geometric, or the position, state of the body; of course an equivalent definition could be: where
is the kinetic energy associated with the translational motion (subscript 0 applies to the point 0 P of the spacecraft).
The matrix-coefficients
, are defined in Appendix A. Note however that they are not depending on the state variables, but only from the body geometry and mass-distribution.
(ii) For the potential elastic energy, we have simply:
where m ω = eigenfrequencies of the structure.
(iii) Gravitational potential.
We consider here only Newtonian potential (for generalized potential, including perturbations in the gravitational field see Santini 3) ), which, at a point at the distance r from the earth centre is given by
Therefore, the potential to be used in Hamilton's equations for the body is:
The task of calculating V is not reported here and can be found in Santini and Gasbarri 2) , it is suffice to say that it can be expressed as:
where the function ( )
is related to the action of the gravity gradient forces and 0 ρ is the vector radius of the position of the centre of mass of the satellite. Note that V is independent by longitude and latitude ( ) ω η, , if we do not consider variations of the gravitational field with latitude and longitude. More in general
c) Lagrangian
The Lagrangian functional L is simply:
To apply Hamilton's principle, we must express L in terms of the state vector q ; therefore, we must write the expression for P appearing in Eq. (11) under the form of Eq. (8) (or Eq. (9) ). So that:
The equations of motion are obtained in the classical way:
where F is the lagrangian force, if any, other than gravitational, applied to the body. This procedure leads to:
The lengthy exercise of performing in detail the operations leading to Eq. (19) is not repeated here, the relevant details can be found in Santini and Gasbarri 2) . It is suffice to say that the equations obtained in this way are practically the same as those obtained. f.i, in References 1,3) , as proper combinations of the local equations of motion.
It is worth to mention also that the vector L N contains all the non-linear terms derived: a) from the effects of the gravity and gravity gradient acting on the center of mass of the flexible body; b) from attitude motion of the spacecraft; c) from the coupling of elastic modal amplitudes with the gravitational forces.
As shown, one of the main tasks to obtain the equation of motion of the spacecraft, which can eventually be used for the synthesis of the control law ( f.i the attitude control law) or more in general for the space flight mechanics analysis, is relevant to the evaluation of the mass properties, the stiffness properties with the associated damping factor of the overall spacecraft together with its eigenmodes. It is worth to note that this task cannot be accomplished easily without the help of specific tools such as Finite Element tools commonly used for structural analysis. It is well known that Finite Element codes are able both to describe every single element of a structure with its mass and elastic properties and also its overall structural dynamic behavior through the evaluation of modal parameters and mass properties of the entire system but they are not suitable to be used in conjunction with flight mechanics and/or control synthesis tools.
On account of this, it is mandatory to derive and eventually set up a procedure able to "transform" a typical Finite Element Model discretisation of a large space structure (with thousands of degrees of freedom) into an "analytical" model like the one represented by Eq. (19) more suitable for further analyses. In the following, a procedure able to derive the linear part of Eq. (19) and hence the structural properties of the spacecraft are derived and illustrated. Let us now consider the linear matrices appearing into the equation of motion Eq. (19).
The generalized mass matrix is defined as follows: where the components of the above matrices are as follows: where the components of the above matrices are as follows:
it is worth to note that the "fictitious" terms are not constant in time since they depend on n A . They describe, in certain sense, the contribution to the "apparent", or "fictitious", moment of inertia associated to the deformation of the spacecraft.
For what concern the linear elastic properties of the flexible body, in the present formulation, they can be easily represented as stiffness and the damping diagonal matrices: K and C respectively: being Ω the diagonal matrix containing the elastic frequencies of the spacecraft and ζ the well-known modal damping ratio.
In the present work the interest is on deriving a procedure able to bring the inertia properties and the modal parameters of a complex flexible structure obtained through a Finite Element (FE) tool to construct all the terms appearing into Eq. (19). For doing this, as first, we focus our attention on the linear part of Eq. (19) which, in theory, should be able to describe the linear behavior of the spacecraft with the same details of the FE tool providing to include into the kinematic representation (see Eq. (1)) the same number of flexible modes of the FE model. In the following we will call this analytical model Full Size Linear Model (FSLM). As a second step, we will focus our attention on describing a procedure able to decrease the elastic degree of freedom appearing on the state vector q in order to transform the FSLM dynamic system into a so called Condensed Linear Model (CLM). The CLM should contain the minimum number of the elastic degree of freedom able to describe the overall dynamic of the structures in terms of coupling between the rigid and the elastic motion in view of the synthesis of the attitude and eventually of flexible dynamic control laws. In the following sections details of the procedure will be explained and several numerical example illustrated.
Full Size Linear Model Validation
In the previous section we have derived the dynamic equation of motion of a large space structure taking into account the translational, the rotational and flexibility effects coupled with the gravity and gravity gradient effects.
As clear stated, the kinematic of the flexible body has been described through the superimposition of orthogonal functions n U , which, for the sake of convenience, have been assumed as the normal modes of the structure.
On account of this, in order to build up the so called FSLM we have to determine the normal modes and consequently the eigenfrequencies of the overall spacecraft and then use Eqs.(20-25) to derive Eq. (19). One of the most powerful tools that can be used to evaluate structural modal parameters is the one based on Finite Element discretisation. In this frame, it is possible to evaluate the mass and inertia matrices of the rigid structure together with the normal modes, the eigenfrequencies and the modal participation factors of its elastic members and appendages.
Since the FE Model could have thousands of elastic degrees of freedom it is not very easy to check if the FSLM, build up with the information extracted from the FE (Finite Element) analysis, is correct or wrong. Above all if the matrices M , K , and C are correctly assembled in Eq. (19) and more important if the generalized forces F (especially the ones acting on the flexible appendages) are correctly evaluated.
In order to validate FSLM with respect to the FE Model two different approaches could be used.
The first one, very simple, is based on a direct integration of FEM and FSLM equation of motion in time domain. And then, by a comparison between the time response of some "reference" points of the structure of the two models it could be "theoretically" possible to make a check of the two models. It is worth to note that this approach cannot be followed in practice above all due to the high and not efficient computational cost of time integration. It is suffice here to say that, in general, the time domain integration step is in inverse proportion to the higher eigenfrequency of the structure so that it is necessary to choose a very small value to perform a correct integration of the motion. Another consideration is that usually the dynamics associated to the flexibility is much higher than the ones associated to the orbital and attitude motion. On account of this a very small time integration step is not very efficient for the study of the orbital motion of the spacecraft.
The second approach, much more valuable and efficient in terms of time computation is based on a comparison between FSLM and FEM in the frequency domain. In the following the well-known Frequency Response Analysis (FRA) will be illustrated.
Let us consider the linear part of the equation of motion of the FSLM described by Eq. (19) . For the sake of readiness the system of time-differential equations is reported in the follows as:
where x here represents the linearised part of the vector of the state variables q and ) (t G is an enforcement vector acting on the structure. By performing the classical frequency Fourier Transform of Eq. (26) we obtain:
the Fourier transform of the external applied forces.
The FR Analysis produces a complex vector x defined as follows 4) : (29) where *
x is the complex conjugate of x or in other terms, the integrand is the magnitude of the FRA defined as follows:
Since the PSD contains all the "global" information relevant to the response of the structure to an external load it is very simple to make a comparison on the PSD of the FE and FSL Models on translational and rotational degrees of freedom. With the comparison on the values of the PSD it is possible to verify the consistency and the congruity of the FSLM with respect to the FEM in its linear behavior.
Numerical Simulations
In order to show the correspondence between theory and practice a very flexible structure is here considered. In particular a FE (Finite Element) model of the ISS-like (International Space Station) structure is taken into account. Fig. 4 shows the ISS model where the flexible appendages have been represented and discretised. In particular the main ``truss'' body (see mark 1), the PVA-US (Photovoltaic Array Unit System) (see mark 2), the SPP-PVA (Science Power Platform Photovoltaic Array) (see mark 3), the radiator of the electrical power system (see mark 4) and the radiator of the thermal power system (see mark 5) have been discretised via FEM NASTRAN tool. By performing a standard modal analysis it is possible to determine the eigenmodes and the relevant eigenfrequencies of the structure.
In order to study the importance of the number of the modes to be used for the representation of the dynamic flexible behavior it is necessary to evaluate the percentage of the mass, with respect to the total mass, associated to the modes taken into account to describe the flexibility effects.
In structural dynamics it is of interest to define six parameters, called modal masses, useful to evaluate the influence of the flexibility motion with respect to the rigid motion of the structure. These parameters are strictly connected to the so called modal participation factors and are defined as follows:
where the subscript i is related to the th i − modal mass along the th j − generalized direction according to the translational and rotational degree of freedom (see Appendix A Eq.(42)).
It is important to observe that different eigenmodes participate with different values of their mass to the rigid motion of the spacecraft. In order to have an insight on the number of the modes that could have a significant influence on the rigid motion it is necessary to estimate the percentage value of the modal masses related to the flexible dynamics that could be included in the flexible model. We define this percentage as:
the value of the generalized mass along the generalized direction j In Tab. 1 the value of
for different number N of elastic modes has been reported. It is interesting to observe that in order to have a value of 90% of the modal mass involved in the rigid motion we should consider at least In this section a particular attention has been devoted to the scientific module of ISS. The structure has been clamped at the intersection of the two "truss-like" sub-structures (see point C of Fig. 4 ) and a Dirac Delta function
is applied along the x y and z direction at point E of the Fig. 4 . By performing the Fourier Transform of the enforcing Dirac function, which is equivalent to a constant enforcement with respect to the frequency in the frequency domain, all the eigenmodes are excited. In the present study a constant damping ratio equal to 01 . 0 = ζ has been chosen. Fig. 5 shows the magnitude of the frequency response analysis performed on the FE model in the range 0 up to 14 Hz. For this analysis a number of eigenvalues and eigenmodes equal to 200 are present. In particular in the figure the values of FRA for the six degrees of freedom (translational and rotational) are reported. In order to evaluate differences between the FSLM and the FEM a comparison of FRA graphs and of PSD values has also been carried out. It is worth to note that, since FSLM and FEM are practically describing the same structural model; in terms of elastic parameters and rigid parameters there is a perfect superposition among the curves (see again Fig. (6) ). As matter of fact it is now of interest to explore the possibility to reduce the dimension of the FSLM system, (i.e by reducing the elastic degree of freedom). This can be done by performing a modal condensing. In the following we choose to reduce the bandwidth relevant to the elastic displacement from a value of 14 Hz to a value of 5 Hz. With this reduction the number of the eigenmodes involved in the motion decreases to a value of 85. We want to ensure the consistency of the model with respect to the modal mass that participate to the rigid (translational and rotational) motion. To do that the eigenmodes and the relevant eigenfrequencies out of the bandwidth have been inserted again in the FSLM by introducing an augmentation matrix factor 5) . In particular the generalized mass matrix associated to the rigid motion appearing in Eq. (34) where d N is equal to the number of the out-of-bandwidth eigenvalues and i r and i t are the relevant the modal participation factors.
Before showing the results obtained for the ISS-like structure some numerical preliminary analysis have been carried out in order to evaluate the effects of the modal condensing on the FSLM. In particular, as a preliminary test, only 4 modes for the FSLM have been taken into account and only one mode for the modal condensing is considered. Fig. 7 shows the total displacement of a point of the structure (reconstructed via Eq. (1)) for both the FSLM and its "condensed" (Condensed Linear Model) counterpart. It is possible to observe that the total displacement of the two models are practically the same with a maximum absolute percentage difference of about 1% after a simulation time of 100 s. Let us now focus our attention on the elastic contribution to the displacement. Fig. (8) shows the elastic displacement of FSLM and CLM reconstructed by using the flexible component of the Eq. (1). In particular the black line represents the elastic part of the FSLM response whereas the red line is relevant to the CLM one. By observing the figure it is evident that they are completely different in their values. This difference is very simple to explain if we think to the modal contribution to the elastic response (see Eq. (1)). The black line is the result of the superposition of four modal terms whereas the red one is relevant to only one-modal term. The above results are very helpful since they allow to understand how the proposed condensing technique gives consistent and congruent results for the description of the total motion (by varying the "rigid" part of the mass matrix), but it is not able to recover the effects of the neglected modal terms for the description of the elastic displacements. By applying this kind of methodology one of the most important drawback is that a time delay relevant to the elastic response may occur. This delay is due to the cancellation of some eigenfrequencies and relevant damping coefficients. In fact by neglecting some damping terms a phase shift in the frequency domain can occur and a delay in the time domain is produced.
A complete analysis has been performed including 200 modes in the FSLM. Furthermore the modal condensing, by neglecting the 115 modes, has been done. For the case under concern a band base reduction from the 86 th up to the 200 th , is done. In this numerical simulation an initial displacement of 0.01 m is given to the E point of the structure (see Fig. 4 ) and a 100 s of simulation have been chosen. In Fig. 9 the total displacement of the structure is shown whereas the flexible contribution is reported in Fig. 10 . It is worth noting that the overall dynamic behavior is very well reconstructed with no appreciable delay and the percentage difference between the FSLM and CLM solution is less than 0.05 %. By looking at the flexible displacement (see again Fig. 10 ) a phase shift can be observed between the black solid line (FSLM) and the red one (CLM). We can conclude that the modal condensing technique is able to recover the contribution of condensed modal mass on the rigid motion (translation and rotation) whereas by reducing the number of eigenmodes for the modal decomposition technique does not guarantee a same recovery for the elastic displacements.
Actually the continuous models (both FSLM and CLM) are used by the authors for the synthesis of the attitude control laws of a flexible spacecraft. This can be done, straight forward, for the linear case by using directly the linear part of Eq.(20) as shown here. For the non-linear case a full coupling among translational, rotational and elastic motions must considered, and the non-linear terms L N must be taken into account. The topic of this study, actually under progress, is to analyse the effect of the non-linear terms on the dynamics of CLM vs. FSLM.
Conclusions
In this paper FEM-continuous approach for the study of very large flexible space structure is proposed. In particular the dynamics of an orbiting large flexible body through the Lagrangian approach has been derived and used for with the FEM model analysis in order to define the so called FSLM an CLM models. The numerical simulations, here performed on the linear part of the equations of motion, have been focused on the understating of the behavior of the transformation from the FE model to the Continuous ones. And eventually how the Continuous Models can be reduced in terms of their state variables. Particular attention to the reduction of the parameters describing the flexibility effects has been paid. where, for reasons of uniformity, also the ρ-component is considered in the vector ���So it is possible to construct the matrices H, K introduced in Santini e Gasbarri 2) . For Euler's angles: 
